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the picture distance measure r against the number of times the algorithm
cycled through all the data (all I equations). While it is clearly demonstrated
that initially r gets reduced much faster with the e�cient ordering, for this
particular data set it does not seem to matter much, since both orderings need
about �ve cycles through the data to obtain a near-minimal value of r. In other
applications in which the number of projection directions is much larger (for
example, in the order of 10,000 as is often the case in electron microscopy),
one cycle through the data using the e�cient ordering yields about as good a
reconstruction as one is likely to get, but the sequential ordering needs several
cycles through the data. In addition, as we demonstrate in the next section,
the e�cacy of the reconstruction produced by the e�cient ordering may very
well be superior to that produced by the sequential ordering.

11.5 E�cacy of ART

In this section we illustrate some of the algebraic reconstruction techniques.
All the illustrations are done on the standard projection data. Only outputs
at the end of some integer multiple of I iterations are used. This is because
in I iterations the measurements for all source�detector positions have been
made use of exactly once; i.e., we have cycled through the data exactly once.
In all ART reconstructions reported in this section we initialized the process
so that all components of x0 are given the value of the estimated average
density x̄ based on the projection data, as speci�ed in Section 6.4. We note
that if we gave to the components of x0 the value 0, the resulting x(I) would
be indistinguishable from the x(I) we get by our selected initialization (with
blobs, all λ(k) = 0.05, e�cient ordering, and no nonnegativity constraints).

We wish to emphasize �rst the importance of the basis functions. In Fig.
11.3 we plot the picture distance measure r against the number of times ART
cycled through all the data, where we made the choices that the relaxation
parameter is always 0.05 and the data access ordering is the e�cient one. The
two cases that we compare are when the basis functions are based on pixels

Table 11.1: Picture distance measures and timings (in seconds) for the reconstruc-
tions in Fig. 11.4. The last two columns report on the values of IROI and HITR for
the various algorithms that were produced by a task-oriented evaluation experiment.

reconstruction in d r t IROI HITR

Fig. 11.4(a) 0.1060 0.0423 8.7 0.1677 0.9499
Fig. 11.4(b) 0.0813 0.0327 29.4 0.1658 0.9213
Fig. 11.4(c) 0.0874 0.0470 29.2 0.1592 0.9198
Fig. 11.4(d) 0.0874 0.0373 163.7 0.1794 0.9481
Fig. 11.4(e) 0.0768 0.0488 66.2 0.1076 0.7128
Fig. 11.4(f) 0.0876 0.0391 148.9 0.1624 0.7820



12.5 A Demonstration of Quadratic Optimization 229

is of the 10th iterate, which is essentially useless, but by the time we get to
the 100th iterate we get the reasonably high-quality reconstruction shown in
Fig. 12.2(b). It can be compared with Fig. 12.2(c), which is the additive ART
reconstruction after 5I iterations.

(a) (b)

(c) (d)

Fig. 12.2: Reconstructions from the standard projection data using iterative methods
that minimize (11.27). (a) Richardson's method with λ(k) = 0.000015, 10th iterate.
(b) Richardson's method with λ(k) = 0.000015, 100th iterate. (c) Additive ART
with λ(k) = 0.05, 5Ith iterate. (d) Conjugate gradient method, 20th iterate.
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Table 12.2: Picture distance measures and timings (in seconds) for the reconstruc-
tions that minimize (11.27).

algorithm d r t

Richardson's method, λ(k) = 0.000015, 100th iterate 0.1186 0.0449 2407.9
additive ART, λ(k) = 0.05, 5Ith iterate 0.0878 0.0374 166.5
conjugate gradient method, 20th iterate 0.0799 0.0387 489.1

The quality of these two reconstructions is also compared in Fig. 12.3.
Such visual inspections do not indicate a de�nite superiority by either of
these methods, and neither do the picture distance measures that are reported
in Table 12.2. The more noticeable di�erence between the methods is the
timing: Richardson's method requires more than an order of magnitude more
computer time than additive ART. This would not be important if for this
extra cost we gained something, but that does not seem to be the case here.

Richardson's method is only one of the SIRT-type methods that can be
used for quadratic optimization; there are others that are computationally
more e�cient. We give one example, which is a version of the conjugate gradi-
ent method. In this method (12.21) is replaced by the following more compli-
cated looking, but nevertheless easily implementable, iterative process. This
process involves, in addition to the u(k), two sequences v(k) and w(k) of vectors
of the same size as the u(k) and two sequences λ(k) and κ(k) of scalars.

w(0) = v(0) = z − Pu(0),
u(k+1) = u(k) + λ(k)w(k),
v(k+1) = v(k) − λ(k)Pw(k),
w(k+1) = v(k+1) + κ(k)w(k),

(12.48)

with

λ(k) =

〈
v(k), v(k)

〉〈
w(k), Pw(k)

〉 and κ(k) =

〈
v(k+1), v(k+1)

〉〈
v(k), v(k)

〉 . (12.49)

Note that as opposed to the λ(k) in (12.21), whose choice may be restricted
as in (12.30) and (12.31) but is not �xed, the λ(k) and κ(k) of the conjugate
gradient algorithm are totally determined by (12.49).

The faster initial convergence of the conjugate gradient method as opposed
to Richardson's method can be seen by comparing the plot for the conjugate

Fig. 12.3: Plots of the head phantom of Fig. 4.6(a), shown light, and its reconstruc-
tions, shown dark, from the standard projection data using iterative methods that
minimize (11.27). (a) Richardson's method with λ(k) = 0.000015, 100th iterate. (b)
Additive ART with λ(k) = 0.05, 5Ith iterate.
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Fig. 12.4: Values of the picture distance measure r for reconstructions from the
standard projection data using the conjugate gradient method (light) and additive
ART (dark).

gradient method in Fig. 12.4 with the plots for the Richardson method in Fig.
12.1. Figure 12.4 and the picture distance measures in Table 12.2 imply that
the quality of the reconstruction obtained by the 20th iterate of the conjugate
gradient method should be as good as that obtained by the 5Ith iterate of
additive ART. However this is not really so, as can be seen by looking at the
reconstructed image in Fig. 12.2(d). Indeed it needs another 20 iterations of
the conjugate gradient method before the visual quality of the reconstruction
matches that of additive ART after 5I iterations. So, at least for the standard
projection data, the conjugate gradient method has a faster initial convergence
than Richardson's method, but it is still not as fast as additive ART. While
there are further variations that may speed up the initial convergence of the
SIRT-type approach to quadratic optimization, we do not discuss them here.

The comments near the end of Section 11.5 regarding the e�cacy of ART as
opposed to the FBP method apply nearly verbatim to the e�cacy of quadratic
optimization as opposed to FBP. As far as comparing ART-type methods with
SIRT-type methods is concerned, we �nd that ART-type methods require
less storage and get much further in a single cycle through the data. On
the other hand, a larger selection of quadratic functions can be optimized
within the framework of SIRT-type methods than with ART-type methods,



13.2 Dynamically Changing 3D Phantoms and Their Projections 239



Gabor T. Herman

The Fundamentals of

Computerized Tomography:

Image Reconstruction from

Projections

2nd Edition

May 11, 2009

Springer

Berlin Heidelberg NewYork

HongKong London

Milan Paris Tokyo




